The general decomposition formula was established for the structures of symmetrical tilt grain boundaries with the tilt axis of ©001ª. By investigating the underlying mathematical structure, we propose a novel algorithm to obtain the arrangement of structural units for any misorientation angle of the boundary with an arbitrary precision due to the Farey sequence.
Introduction
Grain boundary geometry has been intensively studied after the successful formulation of the coincidence-site-lattice (CSL) theory 14) and higher dimensional version has been discussed recently in order to be applied in the study of quasicrystals. 5, 6) Symmetrical and asymmetrical tilt grain boundaries have been investigated both experimentally and theoretically since more than two decades ago and it is widely accepted that the structures of grain boundaries can be realised by the periodic (or quasi-periodic) arrangements of certain structural units with a small index.
723) Sutton et al. gave an algorithm to obtain the arrangement of structural units assuming that the boundary structure can be described by a linear combination of two favoured boundaries, and the structure changes as continuously as possible according to the misorientation. 9) Recently, irrational interfaces have been studied and a method to approximate the structure is demonstrated. 24, 25) While the trend of the study is mainly based on microscopical observations and extensive first-principles calculations, we proposed a novel approach to analyse the structures of ©001ª symmetrical tilt CSL grain boundaries of a simple cubic crystal by a geometrically evident argument 26) which was the converse argument of the conventional approach. We directly derived the decomposition formula of the ©001ª symmetrical tilt grain boundaries for each of the given coincidence misorientation and recovered the previously observed results around the (310)-structure of 5 by the aid of the structural-units model 711) and the O-lattice theory. 27) We found a one-to-one correspondence between the periodicity of the O-lattice points and that of the structural units on the boundary plane. The term near CSL 28) can be defined to be a configuration which can be close to an optimal configuration. CSL configurations of a high index are often found to be decomposed into the ones which can well be described by two of the optimal reference configurations of low 's. In this way, the periodicity of grain boundaries can be evaluated by the structural-units model. In this paper, we generalise our approach to describe the structures of ©001ª symmetrical tilt grain boundaries for any misorientation angle in an arbitrary precision by approximating the structure utilising the continued-fraction expansion. 24) Moreover, we propose a novel way to obtain periodical arrangements of the reference boundaries due to the Farey sequence.
In this paper, we consider straight boundaries of the (q p 0)-structure. Let L 0 be a square lattice and L 1 be given by the rotation of L 0 with a rotational transformation R(2ª) of the angle of 2ª. If all the entries of R(2ª) are rational, it can give a coincidence rotation, i.e. the intersection of two lattices form a CSL. As highlighted in Fig. 1 , the structural unit of the symmetrical (q p 0)-grain boundary can be defined to be a kite-shaped tetragon which is made by gluing a pair of right triangles of a group of atoms at their hypotenuses whose sides in the right angles are qa 0 and pa 0 where a 0 is the lattice constant of a simple cubic crystal. Since the arrangement of atoms around the boundary may not be regular, it can be useful to draw a larger cell enclosing the structural unit defined above. The (310) structural units of 5 (2ª ³ 36.87°) and the (410) structural units of 17 (2ª ³ 28.07°) boundaries are shown in Fig. 1 . The CSL boundary is defined by the line passing through the CSL points below which there are points of L 0 and above which there are points of L 1 . It holds that tan ª = p/q for coprime positive integers p and q in a CSL configuration. It was shown that the periodicity of the structural units on the (q p 0)-structure could be p if the reference configurations were of the (m 1 0)-type and decomposition formulae of the first and the second kind were obtained which could be applicable to any CSL configurations. 26) 
The Decomposition Formula
Let p, q, p 1 , q 1 , p 2 and q 2 be positive integers where p and q are coprime, and p i and q i are coprime (i ¼ 1; 2). Then the (q p 0)-structure is said to be in between the (q 1 p 1 0) and the (q 2 p 2 0)-structures if p 1 /q 1 < p/q < p 2 /q 2 is satisfied. Moreover, it is assumed that
i.e. p 1 q 2 ¹ p 2 q 1 = ¹1 holds. Then the general decomposition formula for the ©001ª symmetrical tilt grain boundaries of the (q p 0)-structure which is in between the (q 1 p 1 0) and the (q 2 p 2 0)-structures can be given by
where n 1 = p 2 q ¹ q 2 p, n 2 = ¹p 1 q + q 1 p can be the uniquely determined positive integers. The eq. (2) can be viewed as a decomposition of a reciprocal vector. The (q p 0)-structure is said to be closer to the (q 1 p 1 0)-structure than the (q 2 p 2 0)-structure if n 1 > n 2 is satisfied which is equivalent to the inequality p 1 /q 1 < p/q < ( p 1 + p 2 )/(q 1 + q 2 ). Therefore, once two reference structures are determined appropriately, the positive integral coefficients n 1 and n 2 are uniquely obtained for a specific grain boundary. The ratio of the number of the structural units can be given by
Although the derivation of the eq. (3) may be valid only for the CSL configuration, i.e. n 2 /n 1 is rational, the eq. (3) can give an appropriate interpolation in accordance with the completion of rational numbers and also be valid for the non-CSL configurations where n 2 /n 1 is irrational. If the (m ¹ 1 1 0) and the (m 1 0)-structures are the reference configurations, they may satisfy the determinant condition in the eq. (1). Therefore, as a corollary of (2), we have 26) ðq p 0Þ ¼ n 1 ðm 1 0Þ þ n 2 ðm À 1 1 0Þ;
where n 1 = q ¹ (m ¹ 1)p, n 2 = ¹q + mp are uniquely determined positive integers. The ratio of the number of the structural units is readily given by
Note that the eq. (4) can describe the structures of ©001ª symmetrical tilt grain boundaries observed microscopically in MgO by Saito et al., 29) in TiO 2 by T. Ohno et al., 30) in SrTiO 3 by N.D. Browning et al., 31) in molybdenum by K. Morita et al., 32) by the theoretical calculations in Cu due to the empirical potential by G.J. Wang et al., 14, 15) and in Ni, Al and Ni 3 Al due to the embedded-atom type potential by S.P. Chen et al.
33) The eqs. (3) and (5) can only tell the ratio of the number of the structural units.
It is assumed that DSC (Displacement-Shift-Complete) dislocations are introduced in the minority structural units. The (5 1 0)-structure of 13 (2ª ³ 22.62°) with a Burgers circuit for a DSC dislocation of the (6 1 0)-structure of 37 (2ª ³ 19°) are presented in Fig. 2 , indicating that configurations close to the (5 1 0)-structure such as the (6 1 0)-structure can be well described by the DSC Burgers vector b DSC ¼ a 0 =13½5 1 0 where a 0 is the lattice constant of a simple cubic crystal. A simple geometrical consideration asserts that the DSC Burgers vector of the (q 2 p 2 0)-structure defined in the (q 1 p 1 0)-structure by the LHFS (Left-Handed, Finish-to-Start) manner can be given by
If the (q p 0)-structure may decompose as in the eq. (2) with n 1 > n 2 , the DSC Burgers vector of the structure can be n 2 times larger than the one in the eq. (6), indicating that the n 2 -dislocations can be introduced at each of the (q 2 p 2 0)-structures which may be located as separately as possible. Frank's formula suggests that the average separation of DSC dislocations can be given by
where ¦ª represents a deviation from the reference structure, i.e. Áª ¼ j arctanðp=qÞ À arctanðp 1 =q 1 Þj. The average separation of lattice dislocations corresponding to small angle tilt boundaries can be obtained by Frank's original formula, that is, replacing b DSC by that of a corresponding lattice dislocation. On the other hand, if the (q p 0)-structure have a decomposition n 1 A + n 2 B (n 1 > n 2 ), the average separation of the DSC dislocations can be estimated by 15) d
where n 1 =n 2 can be obtained by the eq. (3), d A denotes the length of a structural unit on the boundary of the A-structure and d AB denotes that of the AB-structure. Namely, for A = (q 1 p 1 0) and B = (q 2 p 2 0), they can be given by (8) can best agree with d F . The average dislocation separations in a MgO bicrystal at an interval of 0.001°calculated due to the eqs. (7) and (8) It should be noted that the average separations d F0 of lattice dislocations in small angle tilt boundaries due to Frank's original formula can be given by a half of the eqs. (7) and (8)
It is because the magnitude of a DSC dislocation in the eq. (6) can be twice bigger than that of a lattice dislocation as a result that a Burgers circuit of the DSC dislocation can be expanded symmetrically above and below the boundary plane in a perfect crystal, i.e. jb DSC j ¼ 2a 0 due to the eq. (6).
D. G. Brandon 4) introduced an idea of the permissible deviation from coincidence and proposed a criterion for the upper bound from the ideal coincidence orientation. The formula can be given by jÁªj 5 ª 0 AE À1=2 which was first to characterise the physical property of materials by the power law of the coincidence index . He noted that the density of coincident sites at the boundary could restrict the density of dislocations on a CSL boundary without destroying the coincidence. Since the density of coincident sites tend to decrease as increases, the maximum density of DSC dislocations also decreases with , which may enable us to characterise the maximum permissible deviation by . Although the constant ª 0 may depend on materials and types of grain boundaries, ª 0 = 15°is extensively used where the minimum separation of the dislocations can be estimated as 4jbj according to the rapidly increasing profile of the grain boundary energy in low-angle cases due to W. T. Read 
38)
If the problem can be restated that one may find an upper bound for the permissible deviation from a specific coincidence orientation so that one can find the reference structural unit, say, the A ¼ ðq 1 p 1 0Þ-structure on the boundary. The maximal deviation from the A-structure toward the B = (q 2 p 2 0)-structure so that the structural unit A is superior to the structural unit B can be given by Áª M ¼ j arctan½ðp 1 þ p 2 Þ=ðq 1 þ q 2 Þ À arctanðp 1 =q 1 Þj where arctan½ðp 1 þ p 2 Þ=ðq 1 þ q 2 Þ corresponds to the case eq. (3) becomes one. For instance, in the low-angle region, the (1 0 0) structure is superior to the (5 1 0)-structure for 0 5 ª < ª 1 where ª 1 = 2 arctan(1/6) = 18.92 +°. This can be applied to the high angle cases. For instance, the (3 1 0)-structure can be superior to the (4 1 0) and the (2 1 0)-structures for ª 2 < ª < ª 3 where ª 2 = 2 arctan(2/7) = 31.89 +°and ª 3 = 2 arctan(2/5) = 43.60 +°around 36.869 +°.
Since the magnitude of the DSC Burgers vector can be given by 2a 0 = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi q 2 1 þ p 2 1 p from the eq. (6) and the minimum separation of the DSC dislocations can be approximated by
due to Frank's formula (7). It seems that ¦ª M decreases as AE / q 2 1 þ p 2 1 increases for specific As. However, we need a criterion that can determine reference structures in order to describe ¦ª M by . The present argument, of course, does not take into account the physical property of materials.
The Arrangements of Structural Units
Sutton et al. 24) assumed that the arrangements of structural units should vary as continuously as possible with respect to the misorientation angle. Thus, for each angle, the arrangement can be determined uniquely among a number of possibilities. Now we review their algorithm which is an application of the Euclidean division.
Suppose that the boundary structure may be described by sA + rB (s > r > 1) where s and r are coprime, positive integers (i.e. the CSL configuration is assumed). Let bxc denote the maximal integer which does not exceed x. Firstly, find a positive integer p such that p < s/r < p + 1 is satisfied, i.e. p ¼ bs=rc. Then, one may determine positive integers s 1 and r 1 uniquely such that Fig. 3 The average separation of DSC dislocations in a MgO bicrystal is estimated at a 0.001[degrees] interval by the eqs. (7) and (8) Approximation of an irrational number by a rational number has long been studied which is nowadays known as the Diophantine approximation. 39) For any irrational number x and an integer t > 0, there are positive coprime integers p and q such that
is satisfied. 40) In particular, it holds that «x ¹ p/q« < 1/q 2 . One of the efficient ways to approximate an irrational number can be given by the continued fraction. The principal continuedfraction expansion of a positive real number x is given by
due to the Euclidean division where a 0 is a non-negative integer and a i 's are positive integers. x may also be denoted by x ¼ ½a 0 ; a 1 ; a 2 ; a 3 ; Á Á Á. If x is rational (resp. irrational), the expansion can be finite (resp. infinite). In Sutton's algorithm, if the expansion of the ratio of the structural units may be given by s=r ¼ ½a 0 ; a 1 ; Á Á Á ; a nÀ1 ; a n , then it holds that bs=rc ¼ a 0 and s 1 =r 1 ¼ ½a 1 À 1; a 2 ; Á Á Á ; a n . For a positive integer n, the sequences fP n g and fQ n g can be defined by P 0 = 1, P 1 = a 0 , Q 0 = 0, Q 1 = 1, P nþ1 ¼ P nÀ1 þ a n P n ; Q nþ1 ¼ Q nÀ1 þ a n Q n : ð12Þ
Then it is known that P n and Q n are coprime and they may satisfy jx À P n =Q n j < 1=Q n Q nþ1 . Therefore, an approximating sequence {P n /Q n } of x can be obtained. For instance, ³ is denoted by ³ ¼ ½3; 7; 15; 1; 292; Á Á Á. Then, by cutting the expansion at each step, one may obtain an approximant of ³. Therefore the (Q n P n 0)-structures may form a sequence of the Rational Approximant Structure (RAS)s 25) of the "(³ 1 0)-structure" ð2ª $ 35:313574 Á Á Á Þ with a quasiperiodic arrangement of structural units in the limit. Thus, for any misorientation angle 2ª, the RAS can be found in a given precision. Then applying the decomposition formula in the eq. (2) 
Algorithm due to the Farey Sequence
If the periodicity p of ©001ª symmetrical tilt grain boundaries is assumed to be smaller than 10, it can be shown that the periodicity of CSL grain boundaries in between the (m 1 0) and the (m ¹ 1 1 0)-structures may form a mirror symmetrical sequence fp l g 29 l¼1 : 1; 9; 8; 7; 6; 5; 9; 4; 7; 3; 8; 5; 7; 9; 2; 9; 7; 5; 8; 3; 7; 4; 9; 5; 6; 7; 8; 9; 1; ð13Þ which can be the denominators of the irreducible rational cot ª = q/p in between m ¹ 1 and m. In Ref. 26), we gave a second decomposition formula based on the sequence (13). We found that the sequence (13) appears in the denominators of the Farey sequence of the order 9. The Farey sequence F N of the order N is defined to be an increasing sequence of irreducible rational numbers whose denominator is not bigger than N.
4143) The Farey sequence is known to be related to some of the physical phenomena.
4449) By introducing the operation Á defined by the following equation, one may efficiently produce F N+1 from F N by applying Á to each of adjacent fractions in F N . Namely, where the right-hand side is called the mediant of a/b and c/d. If a/b = 1/m and c/d = 1/n, the mediant coincides with the harmonic average of m and n. As we mentioned, it follows
is satisfied where ( p 1 + p 2 )/(q 1 + q 2 ) is the mediant of p 1 /q 1 and p 2 /q 2 . By putting F 1 : 0=1; 1=1, the Farey sequence F N (N 5 9) can be given in Fig. 4 , which may be called the Farey diagram known as a part of the Stern-Brocot tree. 50, 51) Each of the fraction p/q in Fig. 4 may correspond to tan ª = p/q of a CSL configuration and thus, it can represent the (q p 0)-boundary structure. If p 1 /q 1 and p 2 /q 2 are adjacent fractions in the Farey sequence of a certain order, the determinant condition in the eq. (1) is satisfied. Therefore, the value of tan ª corresponding to the reference configurations can be chosen from adjacent fractions in the Farey sequence. The diagonal line segments in Fig. 4 indicate the operation defined in the eq. (14) . Note that those correspond to the low energy boundary appear in the early order of the Farey sequence. The remarkable property of the Farey sequence is that one can easily track the ancestors of a fraction. If a fraction p/q is expressed by the continued fraction, i.e. p=q ¼ ½a 0 ; a 1 ; Á Á Á ; a n , it holds that ½a 0 ; a 1 ; Á Á Á ; a n ¼ ½a 0 ; a 1 ; Á Á Á ; a nÀ1 Á ½a 0 ; a 1 ; Á Á Á ; a nÀ1 ; a n À 1; ð15Þ
indicating that the fraction ½a 0 ; a 1 ; Á Á Á ; a n is made by the parent fractions ½a 0 ; a 1 ; Á Á Á ; a nÀ1 and ½a 0 ; a 1 ; Á Á Á ; a nÀ1 ; a n À 1. This argument may also be valid for cot ª. For example, the structure of cot ª ¼ 22=7 corresponds to
supporting that 22/7 can be made from six 3/1 and one 4/1 which corresponds to the decomposition (22 7 0) = 6(3 1 0) + 1(4 1 0). Another example is given by
indicating that a (3 1 0)-structure can be intercalated in between every fifteen (22 7 0) structures. Although they are simple examples, the way to obtain RAS's and the arrangement of structural units is identical to any other boundaries. The established algorithm utilising the Farey sequence can be efficient in that we may track back only the necessary reference structures while the conventional approach starts with the reference structures and all the boundaries can be obtained by infinitely many iterative procedures. By this method, the decomposition table of ©001ª symmetrical tilt grain boundaries can be obtained for any misorientation angles with an arbitrary precision as in the appendix.
Summary and Discussion
The structures of symmetrical tilt grain boundaries of cubic crystals with the tilt axis ©001ª have thoroughly discussed and a general decomposition formula due to the linear interpolation and an algorithm to obtain the arrangement of structural units due to the Farey diagram are presented. Although we have not taken into account the grain boundary energy, reconstruction and the dependence on inter-atomic potentials and initial configurations, the decomposition rules presented in this study nevertheless agree with most results of microscopical observations and theoretical calculations in a variety of materials of cubic type as a realisation of the lowest energy configurations. The decompositions presented in this paper can be unique in a mathematical sense, and their validity in real systems needs to be discussed with a rigorous argument. Further investigation will show that our mathematical method can be applied to characterise other types of grain boundaries in a wide range of materials which will be a useful approach for understanding the structures of random grain boundaries. The grain boundary energy should be carefully discussed as well as the configurational entropy for the general theory of structural determination of grain boundaries in finite temperature. The Decomposition Formula of ©001ª Symmetrical Tilt Grain Boundaries
The rational approximant structures for every 1.00°are presented in Table A1 . A rational number p/q can be found to approximate tan ª so that «tan ª ¹ p/q« < 10 ¹3 is satisfied. Continued on next page:
